Abstract-We develop a unified framework for the performance analysis of arbitrary-loaded downlink heterogeneous networks (HetNets) in which interfering sources are inherently spatiallycorrelated. Considering a randomly-deployed multi-tier cellular network comprised of a diverse set of large-and small-cells, we incorporate the notion of load-awareness and spatial-correlations in characterizing the activities of base stations (BSs) using binary decision variables. A stochastic geometry-based approach is accordingly employed to systematically develop a bounded expression of ergodic rate with different cellular association and load-balancing strategies. Employing the proposed unified framework hence allows for relaxation of several major limitations in the existing state-of-the-art models, in particular the alwaystransmitting-BSs, uncorrelated interferers, and Rayleigh fading assumptions. We elaborate on the usefulness of adopting this methodology by providing detailed analysis of the aggregate network interference generated by interdependent load-proportional sources over Nakagami-m fading interfering channels. The analytical formulations are validated through Monte-Carlo (MC) simulations for various scenarios and system settings of interest. We observe that the heavily-adopted fully-loaded model as well as the more recent interference-thinning-based approximations are significantly limited in capturing the actual performance curve. The proposed bounded load-aware model and MC trials reveal several important trends and design guidelines for the practical deployment of HetNets.
formance and seamless connectivity via incorporating a diverse set of base station (BS) architectures [2] . The different types of BSs in the HetNet paradigm include: (1) large-cells, deployed in a planned manner on the rooftops intended for covering large geographical areas and serving many users, and (2) smallcells, strategically and irregularly situated indoors and in certain outdoor areas, with the objective of offloading traffic in peak congestion times, crowded locations, and dead-spots [3] . Different tiers of BSs further vary in terms of deployment density, transmit power, spectrum, coverage, and backhaul, e.g., typical maximum transmit powers of Macro, Pico, and Femto BSs are respectively 43, 21, and 17 dBm [4] . User equipments (UEs) and different BSs in the HetNet paradigm can communicate over licensed, unlicensed, and white-space frequency bands, using a diverse range of advanced enabling radio technologies. Multi-tier cellular networks can be integrated with distributed antennas, relay nodes, and WiFi access points towards further enhancing cell coverage and link reliability in the dense HetNet topology [5] .
A. Motivation and Related Work
From a radio planning point of view, however, the essential question of how to densify the network to provide the requisite area spectral efficiency in a sustainable and economic manner remains a challenging problem [6] . The telecommunications industry has long relied on Monte-Carlo (MC) simulations for drawing conclusions on the network behavior. However, MC methods, which utilize programming algorithms to search for optimal solutions, are highly resource-intensive [7] . Further, applying MC simulations is significantly more challenging in the case of HetNets due to the manifold increase in cell densification and propagation complexity [8] . Tractable mathematical models are therefore deemed as necessary tools in practical system design and optimization. On the other hand, the overhaul in deployment of emerging cellular networks renders the adoption of conventional Manhattan [9] and Wyner [10] models obsolete. To address these shortcomings, recently, tools from applied probability, particularly stochastic geometry and point process theory, have been utilized to model and analyze dense cellular networks [11] - [13] . By using stochastic geometry, tractable analytical expressions for network-wide metrics such as signal-tointerference-plus-noise ratio (SINR) distribution can be derived under randomly-located infrastructure of HetNets modeled via point processes. Note that the stochastic geometry-based approach captures performance in terms of spatial averages and the challenge of bridging the gap between theoretical analysis and flow-level simulations remains an open problem [14] .
This work is licensed under a Creative Commons Attribution 3.0 License. For more information, see http://creativecommons.org/licenses/by/3.0/ Nevertheless, despite enlightening efforts, the involved set of assumptions for modeling and analysis of HetNets in the literature are benign [15] . This is because rigorous computation of network performance using classical methods which rely on direct computation or approximation of SINR probability density function (pdf) is considered difficult, if not impossible. Most existing works thus resort to a Rayleigh fading assumption which allows for the exact pdf of SINR to be derived systematically via inverse Laplace transform-an approach that is not feasible for other models [16] , [17] . However, Rayleigh fading is not a good fit when there is a direct line-of-sight, in case of multiple antennas, etc., [18] , [19] . Another principal shortfall of existing models is neglecting the network load by assuming that all BSs are always-on, i.e., fully-loaded model. This assumption offers some analytical tractability by removing the correlations in BSs activities. While this may be justifiable in the case of conventional homogeneous networks in congested areas, a prime motivation behind deployment of small-cells is to provide coverage and capacity on demand [20] . Hence, the existing results merely provide pessimistic estimates of HetNet performance, and inevitably cannot accurately capture the impact of design decisions, such as deployment density, cell selection, offloading, and power control in practice [21] .
Motivated by the above, the main goal of this work is to develop a unified model for the design and performance analysis of spatially-correlated and arbitrary-loaded downlink HetNets. It is important to acknowledge a recent work in [22] , where the authors have adopted the results from our previous work [23, Lemma 1] to devise a framework for computing the average rate of HetNets over generalized fading channels. However, as stated by the authors, the model in [22] ignores the impact of network load by considering always-transmittingBSs, and is therefore only valid in the case of always-full-buffer scenarios. On the other hand, a few recent results have emerged towards acknowledging the notion of BS load in partiallyloaded HetNets. In [20] , the authors have devised a load-aware model using a conditional interference-thinning-based approximation. However, this approach, widely used in the context of carrier-sense multiple access (CSMA)-based wireless networks [24] , cannot correctly capture the notion of network load as spatial interactions of interfering sources are excluded from the analysis, i.e., BSs are assumed to transmit independently with a certain probability.
B. Main Contributions and Outcomes
In this paper, we develop a stochastic geometry-based framework for modeling and analysis of downlink HetNets. We incorporate the notion of spatial-correlations by formulating a generic cellular association and load-balancing problem where each UE is exclusively assigned to a BS of a certain tier which achieves the greatest corresponding reward under a particular strategy. We then derive expressions for the probability that each UE is associated with a tier and hence the transmission probability of BSs in the corresponding tier as a function of tier connection probability and network load. Jensen's inequality is then employed to develop a bounded closed-form expression of the aggregate network interference statistics over Nakagami-m fading interfering channels. A computationally-efficient lowerbound expression for the achievable spectral efficiency of spatially-correlated downlink multi-tier cellular networks subject to different cell selection strategies and generic network loads is consequently provided. In contrast to the interferencethinning-based approximation in [20] , the bounded ergodic rate expression is developed based on the distinct transmission probabilities associated with the BSs of different tiers which function interdependently according to the network load as well as their particular set of operating parameters, including transmit power, deployment density, biasing weights, and channel conditions. Similar to [22] which also uses [23, Lemma 1], the moment generating function (MGF)-based methodology reduces the manifold integral computations associated with ergodic capacity evaluation using classical methods given the direct computation of coverage probability is not required. While [22] ignores network load, our framework is unified for arbitraryloaded scenarios where interfering sources are correlated. In addition, the framework in [22] relies on the MGF expression of the aggregate network interference derived in [25] for fullyloaded scenarios. However, we provide a novel systematic approach to derive a bounded expression of aggregate network statistics for arbitrary network loads. Further, while [22] only considers an unbiased strongest received power strategy, in this paper, we model, analyze, and compare different cellular association and load-balancing strategies operating based on distance, path-loss, shadowing, and artificial-biasing characteristics. In particular, motivated by the results from [21] and [26] , we consider the impact of arbitrary shadowing in forming coverage regions. The proposed framework can therefore serve as a benchmark tool for drawing insight and design guidelines on the fundamental performance bounds and trade-offs in the context of realistic correlated arbitrary-loaded HetNets.
The analytical formulations are validated through numerical and MC simulations considering various network load configurations, cell selection strategies, channel models, and transmission parameters. Several useful design insights are drawn from our findings. In general, we show that the performance of realistic load-proportional networks is significantly more optimistic than the state-of-the-art results which consider BSs to be either simultaneously or independently transmitting. Furthermore, we show that on the contrary to the fully-loaded and interferencethinning approaches, our proposed load-aware model correctly fits the lower-bound of actual network performance under any system settings. In low signal-to-noise ratio (SNR) operating regimes, results demonstrated that due to the dominance of noise power over aggregate network interference, traffic load variation has little impact on spectral efficiency of single-and multi-tier cellular networks. The influence of network load becomes, however, considerably significant as relative noise power is reduced. It was observed that the power-based cell selection strategies outperform the distance-based ones which are exposed to greater interference generated by a higher total number of service areas. Further, we show that shadowing effects and appropriate biasing can be jointly exploited towards effective offloading of traffic from large-cells onto small-cells in congested scenarios. Deployment of small-cells was shown to greatly enhance spectral efficiency, but smallscale deployment will deteriorate the performance of largecells in interference-limited scenarios. In summary, our findings confirmed the promising potential of small-cell solution whilst emphasizing on the essential importance of dynamic operations as a function of network load and environment characteristics.
C. Paper Organization and Notations
The rest of this paper is organized as follows. Section II describes the spatially-correlated and arbitrary-loaded HetNet model with different cell selection strategies under consideration. In Section III, we develop a unified stochastic geometric framework for evaluating the HetNet lower-bound spectral efficiency and provide a closed-form bounded expression of the aggregate network interference statistics generated by interdependent sources over Nakagami-m fading channels. Theoretical and MC simulation studies for various system settings together with design pointers are presented in Section IV. Finally, the paper is concluded in Section V.
Notations: E (.) {x} and P(x) denote the expectation and probability of x; F x (.) and P x (.) are the cumulative and probability density functions of x; |.| is the modulus and . is the Euclidean distance; the MGF of X is M X (z) = E X {exp(−zX)}; Γ(.) and Γ(., .) are the Gamma and incomplete Gamma functions; and 2 F 1 (., .; .; .) is the Gauss hypergeometric function, respectively.
II. MATHEMATICAL PRELIMINARIES
A general stochastic geometry-based model of a downlink multi-tier cellular network includes BSs of various tiers which differ in terms of their point process densities, transmit powers, artificial-biasing weights, path-loss exponents, and fading and shadowing characteristics [11] , [12] . In practice, different cell types also vary in terms of backhaul architecture and capacity [27] . However, in this work, we consider cases with adequate backhaul solution and the extension of the model to include backhauling design requirements is left for future work. Without any loss of generality, we consider a plausible three-tier scenario consisting of Macro, Pico, and Femto BSs modeled on the Euclidean 2-D plane R 2 as independent homogeneous Poisson point processes (PPPs)
, and λ (f ) , respectively. For notational brevity,
, where i ∈ I (j ∈ I), I = {m, p, f }, are used where the context is clear. While random spatial point processes are best suited for modeling the irregularly deployed small-cells rather than planned located large-cells, several studies have shown that this approach is reasonably accurate for representing a dense network [28] . A co-channel HetNet deployment with universal frequency reuse allowing all cells to utilize the entire system spectrum is taken into account. This approach is particularly desirable as it maximizes the spatial reuse of the scarce and costly radio frequency resource while the drawback is that it results in the most severe case of intra-and inter-tier interference [14] , [16] . Nevertheless, the proposed methodology can be adopted to study other deployment and frequency reuse configurations. Further, the active UEs are distributed according to a homogeneous PPP Φ (u) with density λ (u) . Considering open access, every UE can exclusively connect to its nearest BS of a certain tier depending on the cell selection strategy and system settings. Each operating BS equally allocates resources in the time, frequency, or space domain to its associated UEs [29] . Note that the proposed framework is only valid for the downlink and the analysis for the uplink scenario with power control is postponed to future work.
Let
l,k represent the location and transmit power of the l-th tier-i BS with respect to the k-th UE, respectively. In addition, P (i),rx l,k denotes the received signal power at the k-th UE from the l-th tier-i BS. In practice, the signal transmitted from the serving BS to the reference user experiences pathloss, shadowing, fading, interference, and background noise. The received signal power from the tagged l-th tier-i BS to the reference k-th UE can be expressed as [21] 
where H 
where W n denotes the constant thermal noise power and I agg,k is the aggregate network interference experienced by the reference UE k. In contrast to the interference-thinning technique adopted in [20] , we do not assume interfering BSs transmit independently with a certain probability. Instead, in this work, we incorporate the realistic notion that in practical scenarios, interfering sources are inherently spatially-correlated [30] and operate according to the traffic load. Hence,
where ϕ
j is a binary decision variable used to characterize the particular activity configuration of j-th tier-v BS given by
In reality, ϕ
depends on the UEs distribution and characteristics of all other BSs. Specifically, the j-th tier-v BS is active if there is at least one active UE present within its coverage region. ϕ 
To adequately meet a specific overall HetNet objective, in this work, we incorporate and compare different techniques towards forming load-aware coverage regions. The joint cellular association and load-balancing problem is to exclusively assign the k-th UE to the l-th tier-i BS which provides the greatest reward under a particular strategy analytically formulated as follows.
Problem O 1 : Joint cellular association and load-balancing strategy
where
j,k is a generalized cell selection parameter used to model different cellular association and load-balancing strategies and constraints in (7) and (8) ensure that each UE is exclusively associated with exactly one BS. In this work, we explicitly differentiate between the unique operating parameters of different tiers of BSs. Several HetNet topologies are accordingly studied by using the generalized cell selection parameter to adopt any of the following different settings of interest
where (i) is the tier-i artificial-biasing weight used for expanding/shrinking the coverage region of different BS types. Consequently, the solution to Problem O 1 for UE k is to select the binary decision variable ϕ
Accordingly, the optimal binary decision variables of all UEs are selected and hence the j-th tier-v BS activity configuration ϕ
The inherent correlations in the BSs activities are therefore incorporated in the proposed framework, i.e., ϕ
A number of recent works in the literature have shown that the large-scale shadowing effects can be interpreted as random displacements in the original BSs locations. We use this notion in our framework where shadowing effects result in transformed PPPs Φ
, [26] . As an application example, we consider Log-Normal shadowing with mean μ (i) (dB) and variance σ (i) (dB), ∀i ∈ I. Note that small-scale fading does not impact cell selection as it changes more rapidly over time, and it can be mitigated, averaged, or equalized [31] .
Let us depict the inherent spatial-correlations in realistic HetNets using illustrative examples. Consider the topology in Fig. 1(a) where UEs are associated with their nearest BSs, resulting in a classical Poisson Voronoi tessellation. The always-full-buffer assumption, which is extensively used in the literature, implies that all deployed BSs act as interferers irrespective of the network load. However, Fig. 1(a) shows that, even when the spatial point process of active UEs is relatively large, there are certain BSs that are not transmitting. It is therefore incorrect and rather cynical not to assume a loadproportional scenario where interfering sources act interdependently. A similar trend can be seen in Fig. 1(b) , where using the exact locations as in the previous figure, service areas are now selected based on the strongest received shadowed powers. It can be observed that the interference field in the true partiallyloaded scenario is considerably more scattered than assuming always-on-BSs.
III. UNIFIED FRAMEWORK
In this section, we develop a unified stochastic geometric framework for investigating the HetNet spectral efficiency where the impact of network load and spatial-correlations on the aggregate network interference is explicitly taken into account. In our model, the activities of different tiers of BSs are analytically characterized jointly as functions of the particular parameter settings and the relative network load volume. Without loss of generality, by employing Mecke's theorem [32] , the analysis is henceforth carried out for an arbitrary UE k located at the center. For the sake of analytical tractability, we assume every l-th tier-i BS transmits with the same power P (i) , ∀i ∈ I [33] . Note the locations of the closest tier-i and tier-v BSs with respect to the k-th UE are respectively denoted with
A. Tier Connection Probability and Statistical Distance Distribution
To analyze the performance of an arbitrary UE in the HetNet paradigm, it is essential to compute the tier connection probability (the likelihood that a user is served by its nearest BS of a certain tier) and the statistical distribution of the distance between the user and its tagged BS. Using (10), the probability of the event that the k-th UE connects to the l 0 -th tier-i BS on a long-term basis is expressed as
Computing the tier connection probability under cell selection strategies in (9a) and (9b) results in the cellular association probability given in [34, Lemma 2] 
Furthermore, the impact of large-scale fading, which can be regarded as random displacements in the original location of the BSs [21, Lemma 1], has been included in the cell selection strategies in (9c) and (9d). In what follows, we utilize this technique and derive the generalized tier connection probability subject to arbitrary shadowing characteristics. Lemma 1: The generalized probability that the reference UE k connects to the l 0 -th tier-i BS considering shadowing effects is given by
Proof: See Appendix A. We are now concerned with deriving the pdf of the random distance between UE k and l 0 -th tier-i BS given that l 0 -th tier-i is selected as the serving BS of UE k. Computing the statistical distance probability with cell selection strategies in (9a) and
Further, the result for the statistical distance pdf whilst considering arbitrary shadowing in the cell selection strategies in (9c) and (9d) is presented below.
Lemma 2:
The generalized pdf of the statistical distance between the arbitrary UE k and the tagged l 0 -th tier-i BS considering arbitrary shadowing effects is given by
Proof: See Appendix B.
B. Network Spectral Efficiency
The spectral efficiency in nats/sec/Hz of the spatiallycorrelated load-aware multi-tier cellular network with respect to the arbitrary UE k under consideration can be written as [13] 
where S (i) l 0 ,k denotes the achievable ergodic transmission rate of the l 0 -th tier-i BS serving arbitrary UE k conditioned on ϕ (i) l 0 ,k = 1. Hence, for cases with arbitrary shadowing, we have (18) shown at the bottom of the page. The classical approach for calculation of averages in (18) necessitate manifold numerical integrals, depending on the number of random variables involved. The problem is further complicated as we have explicitly included the correlations of interfering sources to encapsulate the characteristics of realistic arbitrary-loaded HetNets, i.e., ϕ
, are not independent. In this case, the classical method for evaluation of the above ergodic rate necessitates a closed-form expression of the joint pdf of all involved random variables which is difficult to obtain. To tackle the problem, we utilize the MGF-based framework from our previous work in [23] . By extending [23, Lemma 1] to a stochastic geometry-based setting, (18) can be expressed as (19) , shown at the bottom of the page where M P
and M I agg,k |R (z) denote the MGFs of the received intended signal from the tagged l 0 -th tier-i BS and the aggregate network interference experienced, with respect to reference UE k, conditioned on ϕ
and
(z) denotes the MGF of the intended channel power gain.
MGFs have proven to be powerful tools for the performance analysis of multi-user wireless communication systems over generalized fading interfering channels [17] , [23] . Closed-form MGF expressions of well-known channel models are readily available in the existing literature including Rayleigh, LogNormal, and Nakagami-m, as well as several compound channel types [18] , [19] . The MGF of the intended signal can thus be easily computed for a wide variety of channel distributions. However, deriving a closed-form expression for the MGF of a sum of correlated random variables is not straightforward. In an independent study from this work, in [22] , the authors have used [23, Lemma 1] to compute the average rate of always-fullbuffer HetNets over generalized fading channels. To this end, [22] relies on the MGF expression of the aggregate network interference derived in [23, eq. (6) ] which is valid under the assumption that all deployed BSs are transmitting. In contrast to [22] , and for the first time to the best of our knowledge, we provide a novel systematic approach to derive bounded closed-form expressions of the aggregate network interference statistics generated by spatially-correlated heterogeneous sources in the context of arbitrary-loaded multi-tier cellular networks.
C. Aggregate Network Interference Statistics
This section represents the main technical contribution of this paper in which we derive the bounded MGF of the aggregate network interference. To compute M I agg,k |R (z), we first consider the interference generated by interdependent heterogeneous sources in a disc of radius D (>R) around the victim receiver, and will ultimately take the limit as D → +∞. Hence,
By the virtue of independent PPPs and considering independent and identically distributed channel statistics, H
, are correlated. As a result, there exists no known method to find an exact solution to (22) . However, leveraging on the convexity of the exponential function, we apply Jensen's inequality to derive a lower-bound closed-form
expression for the MGF of the aggregate network interferencẽ M I agg,k |R (z). Thus, we obtain
denotes the transmission probability of j-th tier-v BS. Recall that active UEs are distributed according to an independent homogeneous PPP Φ (u) with density λ (u) . Hence, we can characterize the relationship between BSs and UEs, considering the inherent spatial-correlations and network load, through the following expression
where ϕ (v) j,c is the tier connection probability derived for different cell selection strategies in (13) and (14) . Let N (u) denote the random total number of active UEs following a Poisson distribution. Given UEs have equivalent tier connection probabilities, we obtain
Several points must be noted at this point. In the load-aware HetNet model in [20] , the BSs activity factors are independently set to the average number of users associated with each specific tier. While [20] offers some insight into the notion of BS load, using the average load for modeling transmitting-BSs through thinning of the interference field in [20, Eqn. 39] cannot fit the actual performance curve given interferers are correlated in practice. In contrast, the proposed methodology in this work computes a bounded MGF expression corresponding to the worst-case scenario of the aggregate network interference considering spatially-correlated sources and UEs' density, which is then used to compute the network ergodic rate bound. We will further elaborate on the tightness of adopting Jensen's inequality with extensive MC simulations in the next section.
denote the lower-bound on the distance of closest tier-v BS. Thus, potentially interfering tier-v BSs are uniformly-distributed and the pdf of their distance to the UE k is
depends on the particular cell selection strategy employed
where Let N (v) , ∀v ∈ I, denote the random total number of potentially interfering tier-v BSs, hence, using (24), the expression in (23) conditioned on N (v) can be written as (28) , shown at the bottom of the page where
, P (v) are used to denote the channel, distance, transmission probability, and transmit power of an arbitrary potentially interfering BS in tier-v. By characterizing the random variable N (v) with a Binomial distribution such that
) we have (29) , shown at the bottom of the page. To continue, wẽ
present the integral identity in (30) , shown at the bottom of the page which is restricted to cases where aggregate network interference power behaves stably (α > 2). Now, we continue with the expectation in (29) (32), shown at the bottom of the page where
We have therefore developed an expression for the transmission probability of BSs in different tiers by considering the impact of UEs distribution and spatial-correlations.
As an application example, consider independent unit-mean Nakagami-m fading links. In this case, the pdf and MGF of the normalized channel power gain between the l-th tier-i BS and
l,k are respectively expressed as [19] P H
where m (i) is the Nakagami-m fading parameter of tier-i links, which can fit a wide-range of fading conditions. To take the average with respect to the Gamma-distributed channel power gain of the arbitrary interferer, we require the integral identity (α > 2) in (36), shown at the bottom of the page where
is the Gauss hypergeometric function. Finally, we can derive a closed-form bounded analytical expression for the MGF of the aggregate network interference as presented in the following lemma.
Lemma 3:
The bounded MGF expression of the aggregate network interference generated by spatially-correlated loadaware heterogeneous sources over Nakagami-m fading interfering channels is given in (37), shown at the bottom of the next page. In the case of Rayleigh fading interfering channels, we obtain (38), shown at the bottom of the next page . For the special case of α v = 4, (38) can be reduced to (39), shown at the bottom of the next page.
The proposed framework hence relaxes the long-standing assumptions of always-on-BSs, uncorrelated interferers, and Rayleigh distribution in the existing literature and allows for computation of the HetNet ergodic rate boundS k for general system settings via double integrals-as opposed to the manifold integrals the classical direct-pdf approach requires.
IV. NUMERICAL AND SIMULATION RESULTS
The aim of this section is to evaluate, assess, and compare the spectral efficiency performance of single-and multi-tier cellular networks for several scenarios and system settings of interest. We aim to quantify the dependence and trade-offs of different network-wide decisions on achievable performance which helps unveil interesting trends and design guidelines. In contrast to the existing state-of-the-art stochastic geometrybased theoretical and simulation results in the literature, we thoroughly include and investigate the impact of network load and spatial-correlations in system performance analysis. Unless otherwise mentioned, results are obtained based on the strongest received power cell selection strategy.
A. Monte-Carlo Simulations
To analyze the accuracy and reliability of the developed theoretical model, and in particular examine the implication of adopting Jensen's inequality for deriving a lower-bound performance measure, we propose the following simulation methodology which unlike the MC trials in [22] and [35] is capable of analyzing arbitrary-loaded scenarios. Moreover, the simulations in [20] follow the same foot steps as the interference-thinning approach which considers BSs to transmit independently with a certain probability. The underlying steps for carrying out MC simulations in the case of realistic correlated load-dependent HetNets are given below. 1) Initialize the parameter set of each tier-v network, including transmit power P (v) , deployment density λ (v) , biasing factor (v) , path-loss exponent α v , Nakagami-m fading parameter m (v) , and Log-Normal shadowing mean μ (v) and variance σ (v) . 2) Adjust the active UEs density λ (v) and set the noise power W n . 3) Define a circular region with a sufficiently large radius d and hence area πd 2 around a reference UE k situated at the center. 4) For each tier-v network, generate the corresponding random number of deployed BSs
5) Deploy uniformly-distributed heterogeneous BSs as well
as uniformly-distributed UEs within the circular region of area πd 2 . 6) Select a cellular association and load-balancing strategy towards forming coverage regions. 7) Generate independent fading and shadowing channel gains for BSs of every tier. 8) Compute the corresponding reward each BS provides with respect to the reference UE k and hence associatẽ
UE k with the strongest candidate, thus finding the intended signal strength P (i),rx l,k . 9) Optimally and exclusively associate every other UE c to a BS. Search through all deployed BSs. If a BS is associated with one or more UEs, it is active; otherwise is not transmitting. 10) Compute the aggregate network interference I agg,k experienced by reference UE k using the sum of received signal powers from only the interfering BSs. 11) Calculate the UE k SINR by dividing P (i),rx l,k with I agg,k + W n and evaluate the ergodic rate. 12) Obtain the HetNet spectral efficiency by repeating the procedure in steps 4-11 for a sufficiently large number of times and averaging the resultant ergodic rates.
Let us elaborate on the computational complexity of numerical and simulation studies based on a standard workstation at present time. By discarding network load, the proposed model produced results in seconds whilst MC trials, which were repeated 50k times over a radius of 20 k, took tens of hours. The situation is worsened in this work as we look at realistic arbitrary-loaded scenarios, resulting in MC simulation times in the order of weeks. Smaller path-loss exponents, increased densities, and adding tiers, all significantly increase the complexity of MC trials, whereas the proposed model is capable of producing results in a matter of seconds even in the case of highly congested and dense deployment scenarios.
B. Homogeneous Networks
To validate the solution of our proposed model with those in the existing literature and MC simulations, we first study the performance of a fully-loaded single-tier network. Note that tier indexes are accordingly removed from parameters for the homogeneous cellular deployment. Fig. 2 depicts the impact of deployment density of BSs on the spectral efficiency of a fully-loaded homogeneous network over Rayleigh fading channels. Further, in Fig. 3 , the spectral efficiency of the fully-loaded homogeneous network over Nakagami-m fading channels with different fading intensities is plotted. It can be observed that the results from our proposed analytical framework very accurately match the MC simulations as well as the theoretical and simulation results (given in nats/Hz) of [22, Figs. 1 and 9] . The results from Figs. 2 and 3 are fairly intuitive as increased deployment density, better channel conditions, and increased path-loss intensities for all intended and interfering links, improves spectral efficiency. On the other hand, as extensively discussed throughout this work, the state-of-the-art works in the literature, including [22] , ignore the impact of network load and correlated interferers. The main contribution of this paper is in incorporating the notion of network load and spatial-correlations to derive an ergodic rate bound which can fit the lower-bound performance of arbitrary-loaded scenarios. In fact, we deliberately injected a high network load (λ (u) >> λ) in the results from Figs. 2 and 3 to force all deployed BSs to transmit and thus match the results in [22] . 
1) Fully-Loaded Scenario and Framework Validation:

2) Comparison of Different Evaluation Tools:
To gain insight into the impact of network load, we provide results for a load-proportional homogeneous network with various UEs densities using different evaluation tools, namely fully-loaded (FL) model, interference-thinning (IT) model, proposed loadaware (LA) model, and MC simulations in Fig. 4 . A key point to observe is that the long-standing FL model produces pessimistic performance values irrespective of different load levels selected. The IT-based approximation which is implemented by selecting the activity factor according to the average load (λ (u) /λ) is an improvement over the FL model but nevertheless is severely limited in predicting the true activity. The performance gap between these models and actual (MC simulations) is however negligible in the low SNR region due to the noise power dominance over interference. Furthermore, it can be observed that our proposed LA model correctly provides a lower-bound fit of the actual performance curve. Note that the proposed framework gives exact solutions in the case of full and near-zero loads. To accurately capture the differences in the performance of various models, we plot the transmission probability of BSs as a function of network load in Fig. 5 . It can be seen that the FL model under the assumption of alwayson-BSs is severely limited in depicting the actual performance as all BSs are transmitting even under a zero traffic load. Our proposed model, on the other hand, evaluates the worstcase of aggregate network interference generated by load-aware correlated BSs and provides a lower-bound fit of the MC results. To highlight the tightness of adopting Jensen's inequality, we plot the percentage difference in transmission probability of BSs between the proposed LA model and MC trials for several deployment densities in Fig. 6 . It can be seen that our proposed model produces a conservative value of the actual transmission activity and the difference can vary from zero for full and nearzero loads to less than 14% under a moderate traffic load of λ = 0.3. This trend results in reasonably close (in particular relative to the FL and IT models) spectral efficiency results between the proposed model and MC simulations.
C. Heterogeneous Networks
In this part, we focus on examining the performance of the main system of interest, a multi-tier cellular network comprised of large-and small-cells. Without loss of generality and unless otherwise stated, the analysis is carried out for a plausible threetier HetNet overlaid with Macro, Pico, and Femto BSs which differ in terms of their operating parameters.
1) Impact of Network Load and Spatial-Correlations:
By studying noise-dominant operating regimes in a loadproportional multi-tier cellular network, similar to the results for single-tier networks in Fig. 4 , we observe that the difference in performance of different evaluation tools is negligible. 
This is intuitive as although the inherent spatial-correlations in our model and MC simulations result in a lower number of interfering BSs, the overall impact becomes less notable due to the dominance of additive noise power over aggregate network interference. The effect of network load however becomes more and more evident in modest and high SNR operating regimes. Fig. 7 illustrates these points where the HetNet spectral efficiency over Rayleigh fading channels using different FL, IT, proposed LA, and MC approaches under different network loads is plotted. It can be observed that the FL model behaves independent of the network load and the IT-based approximation implemented based on the methodology in [20, Eqn. 39 ] is simply inaccurate, whereas, the proposed LA framework closely captures the lower-bound of the actual performance curve. This confirms the important trend highlighted throughout this paper that the extensively used assumptions of alwaystransmitting-BSs and uncorrelated sources in the existing literature are severely limited in predicting the HetNet performance.
2) Impact of Shadowing and Cellular Association Strategies: So far, the investigations were carried out based on the strongest received power cell selection strategy without considering large-scale fading effects. However, it is interesting to study how shadowing effects and employing different strategies for forming coverage regions affect performance in the context of load-dependent scenarios. Here, we consider Log-Normal shadowing which is accordingly implemented via displacement theorem in our analytical framework and randomly-generated for all links in the MC simulations. Fig. 8 shows the HetNet performance under two different closest shadowed distance and strongest shadowed power cell strategies using different evaluation tools. A general trend is observed that coverage regions formed based on received powers outperform the cell configurations based on distances in terms of average transmis- Fig. 9 . Femto-tier biasing impact with strongest shadowed received power strategy over shadowed Nakagami-m fading channels, λ (m) = 0.02,
sion rates. This is because employing the latter naturally results in a higher total number of service areas which constitutes to added aggregate network interference. Further, it is worth mentioning that the inclusion of shadowing effectively increased the transmission power level of BSs. 
3) Load-Balancing via Artificial Biasing:
We have thus far employed unbiased cell selection techniques. In this part, we focus on the impact of biasing on performance under different network load levels. Fig. 9 illustrates the attainable performance with different Femto-tier biasing weights using our proposed load-aware model and MC simulations. Firstly, we observe that small expansion of Femto BSs coverage region deteriorates rate performance. On the other hand, an appropriately high biasing weight can enhance spectral efficiency, e.g., at a heavy network load of λ (u) = 20λ (f ) , Femto-tier biasing at (f ) = 50 dB boosts ergodic rate by 3.1% over the unbiased case. To draw a clearer picture on the impact of biasing on network performance, we plot the individual tiers spectral efficiency using our proposed analytical model under two moderate and heavy traffic loads in Fig. 10 . In the case of moderate network loads, we observe that small expansion of Femto BSs coverage slightly improves spectral efficiency of Macro and Pico BSs at the cost of significant reductions in the Femto-tier ergodic rates. The reason lies in the added intra-tier interference experienced by Femto BSs without a significant reduction in inter-tier interference. However by further biasing of Femto-cells, the coverage regions of larger cells become small enough that their overall correlated activity decreases resulting in smaller intratier interference and hence increased network performance. A similar trend is observed for heavy traffic loads. However, to achieve a desirable trade-off between inter-and intra-tier interference, greater Femto-tier biasing is needed to affect the activity of large-cells. This unveils an important trend that to fully utilize small-cells for offloading traffic in congested scenarios, load-balancing is paramount and can be achieved jointly through artificial cell selection bias and natural largescale fading effects. 
4) Small-Cell Solution in Interference-and Noise-Dominant
Operating Regimes: We now investigate the effectiveness of small-cell solution on improving network performance under various traffic loads and SNR regions. To draw a clear picture of the impact of different small-cell deployment density and transmit power settings, we consider a two-tier heterogeneous network with Macro and Femto BSs. Fig. 11 depicts the network performance in an interference-dominant case. The figure shows that irrespective of the network load, deployment of Femto cells first decreases and then significantly increases spectral efficiency in comparison to the homogeneous Macrotier network (i.e., λ (f ) = 0). This is due to the fact that sparse deployment of Femto BSs injects detrimental inter-tier interference on the Macro BSs which are operating at high SNRs. However, dense deployment of small-cells significantly improves the HetNet performance by offloading traffic from Macro BSs and subsequently providing enhanced data rates through shortening of the transmitter-receiver distance. On the other hand, by analyzing the HetNet performance under different traffic loads in the case of noise-dominant regions in Fig. 12 , we show that spectral efficiency increases nearly linearly with greater small-cell deployment density. It is further observed that transmission power plays an important role towards achieving desirable trade-offs thus highlighting the importance of more advanced power control mechanisms. These findings further confirm the promising potential of network densification and emphasize on the essential importance of dynamic operations as a function of network load and channel characteristics towards fully-exploiting the small-cell solution in HetNets.
V. CONCLUSION
This paper presents a unified analytical framework for the design and performance analysis of spatially-correlated loadaware downlink multi-tier cellular networks. We adopt the notion of network load and correlated interferers in characterizing the interference field by forming a joint cellular association and load-balancing problem where each user is exclusively assigned to a base station that provides the greatest corresponding reward. A new bounded expression of the aggregate network interference statistics generated by interdependent load-aware heterogeneous sources over Nakagami-m fading interfering channels is developed towards computing a lower-bound for the network spectral efficiency. The proposed framework allows for relaxation of several major limitations in the existing models such as always-transmitting-BSs, uncorrelated interfering sources, and Rayleigh fading with no shadowing channel model assumptions. The validity of the bounded load-aware framework and its advantages over the fully-loaded and interferencethinning models is confirmed through extensive load-dependent Monte-Carlo simulations for various cellular deployments. Our findings reveal several important trends. The performance of load-proportional HetNets is shown to be significantly more optimistic than the existing state-of-the-art results which consider network nodes to be either simultaneously or independently transmitting. We illustrate that artificial cell selection bias and natural shadowing effects can be jointly utilized towards effective offloading of traffic from large-cells onto small-cells in congested scenarios. In general, this paper has highlighted the crucial importance of exploiting spatialcorrelations and load-awareness towards unleashing the full potential of the HetNet deployment. The future work will focus on generalization of the proposed stochastic-geometric framework to more advanced resource allocation and interference management schemes considering multi-antenna techniques and dynamic traffic distribution.
APPENDIX B PROOF OF LEMMA 2
With a modification of [34, Appendix C] to include arbitrary shadowing effects, we have
